A linear feedback control is designed regardless of dissipativity of the system for the stabilization of a flexible beam with a tip rigid body. The Riesz basis approach is adopted in the investigation. It is shown that the closed loop system is a Riesz spectral system and as consequences, the exponential stability, the observability and the controllability of the system are concluded. Finally, some numerical results are also presented.
INTRODUCTION
In this article, we consider a flexible beam rotated by a motor in a horizontal plane at one end and a tip body rigidly attached at the free end. This model fits a large class of real applications such as links of robot systems and space-shuttle arms in which high speed manipulation and long and slender geometrical dimensions are the major factors causing mechanical vibration. To achieve high speed and precision end point positioning of the flexible beam, the boundary control is one of the major strategies in production and space applications.
Let ' be the length of the beam, the uniform mass density per unit length, EI the uniform flexural rigidity,M M the mass of the tip body attached,Ĩ I m the moment of inertia of the motor andJ J the moment of inertia associated with the tip body. Suppose that the terminal state trajectory is x# d ðtÞ at position x and time t, where # 00 d ðtÞ ¼ 0, i.e., the tracked state would be uniform motion or fixed in some direction of the flexible beam. Let the difference displacement y yðx, tÞ ¼ zðx, tÞ À x# d ðtÞ, where z(x, t) is the total transversal displacement at x and t. Thenỹ yðx, tÞ satisfies the following Euler-Bernoulli beam equation and the Newton-Euler rigid-body equations [1] : ỹ y tt ðx, tÞ þ EIỹ y xxxx ðx, tÞ ¼ 0, 0 < x < ', t > 0, 
where u(t) is the torque developed by the motor. It was shown in [1] that the following nonlinear feedback control uðtÞ ¼ Àỹ y x ð0, tÞ À f ðỹ y xt ð0, tÞÞ ð2Þ
can make system (1) asymptotically stable or, exponentially stable when Im ¼ 0, where > 0 is a constant and f 2 CðRÞ is increasing with f ð0Þ ¼ 0 and sf ðsÞ > 0 for s 6 ¼ 0:
However, when Im 6 ¼ 0, no result is available to the uniform stabilization of this hybrid system. A similar problem was considered in [2] for string vibration that describes the vibration of an overhead crane. There are many different models in literature describing the vibration of a flexible beam with a tip rigid body [3, 4, 14, 15] , we refer to [3, 4] for further descriptions concerning the physical structure of the system. To realize the uniform stabilization, the ''high derivative'' feedback control is usually required (see e.g. [5, 6] ), for instance, when f is linear in (2), we shall see in Section 2 of this article that control (2) cannot uniformly stabilize the closed-loop system. However, on the one hand, the design of the ''high derivative'' feedback controllers in literature are mainly based on principle of ''passivity'' that makes the closed-loop system be 656 B.-Z. GUO dissipative so that the system is at least asymptotically stable by Lyapunov function method [5, 6] . In applications, on the other hand, there are many ways of designing controllers that make system practically uniformly stable but there is no dissipativity which usually brings the difficulty of theoretical proof for the uniform stability of the system [7] . In this article, we shall design such a ''high derivative'' feedback controller for system (1) which can make the closed-loop system exponentially stable although we do not know if it is dissipative. The approach used here is so called Riesz basis approach that is recently used to study the basis generation, exponential stability and distribution of eigenvalues of the Euler-Bernoulli beam equations in a very simple way [8, 16] . In the next section, an unbounded boundary feedback control is designed and the asymptotic expressions of eigenvalues and eigenfunctions are derived. In Section 3, we show that there is a sequence of generalized eigenfunctions of system (1), which forms a Riesz basis for the state Hilbert space. Section 4 is devoted to the exponential stability of the system. Controllability and observability are obtained in Section 5. Numerical simulation is presented in Section 6 after relating the stability of the system to a finite dimensional eigenvalue problem. Some concluding remarks are made in Section 7.
ASYMPTOTIC EXPRESSION OF EIGENPAIRS
In order to adopt the Riesz basis approach to study the stability of system (1) as in [8, 16] , we should first formulate the closed-loop system into a linear evolution equation in an underlying Hilbert state space and then find asymptotic expressions of eigenpairs of the system operator associated with this evolution equation. All these will be treated in this section. First, we design the feedback control. To simplify notations, let yðx, tÞ ¼ỹ yð'x, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
. Then y satisfies y tt ðx, tÞ þ y xxxx ðx, tÞ ¼ 0, 0 < x < 1, t > 0, yð0, tÞ ¼ 0,
y xxx ð1, tÞ À My tt ð1, tÞ ¼ 0, y xx ð1, tÞ þ Jy xtt ð1, tÞ ¼ 0:
We design a feedback controller:
where > 0 and and k are real numbers. Then the closed-loop system becomes y tt ðx, tÞ þ y xxxx ðx, tÞ ¼ 0, 0 < x < 1, t > 0, yð0, tÞ ¼ 0, y xx ð0, tÞ À I m y xtt ð0, tÞ À y x ð0, tÞ À y xt ð0, tÞ þ ky xxt ð0, tÞ ¼ 0, y xxx ð1, tÞ À My tt ð1, tÞ ¼ 0, y xx ð1, tÞ þ Jy xtt ð1, tÞ ¼ 0:
It seems not apparent that there is a Lyapunov function for the system above.
It should be pointed out that in deriving the third equation in (6), the motor driver of torque control type is used and the rate of change of the strain signal y xxt (0, t) is assumed being measurable. However, in practice, it is usually difficult to directly measure y xxt (0, t). In case y xxt (0, t) is not measurable, [9] suggests to use a control motor with a motor driver of speed reference type to get indirectly y xxt (0, t). Actually, from [9] 
Note that the strain signal y xx (0, t) can be easily measured using strain gauges and hence the above feedback law is meaningful.
, we obtain also y xx ð0, tÞ À I m y xtt ð0, tÞ À y x ð0, tÞ À y xt ð0, tÞ þ ky xxt ð0, tÞ ¼ 0:
Details can be found in Section V of [9] . Next, define the underlying state Hilbert space H for the system (6):
¼ 0g with the inner product induced norm produces the unique solution (notice that where
and the characteristic equation that satisfies is M ð1Þ
one has ¼ and 0000 þ 2 ¼ 0, 
It is easily seen that for any ¼ i 2 , the general solution of the following equation
is of the form
where c 1 , c 2 are arbitrary constants. By f(1) ¼ 0, one has (up to a scalar)
Hence (again up to a scalar)
this is (12) by ðxÞ ¼ f ð1 À xÞ. Note that the function f defined above actually satisfies
for any ¼ i 2 . In order f (it is obvious that f cannot be identical zero)
to be a solution of (15), it is necessary and sufficient that ðI m 2 þ þ Þf 0 ð1Þ þ ðk þ 1Þf 00 ð1Þ ¼ 0 which induces (13) , proving the lemma. oe
There is a family of eigenvalues
n g of A with the following asymptotic expression
where m ¼ n À 1/2, n is a sufficiently large positive integer. A corresponding eigenfunction (18) holds uniformly in x 2 ½0, 1. It is seen that
Proof Note that for a large positive integer n, in a uniformly bounded small neighborhood of m ¼ ðn À 1=2Þ,
uniformly for all n with some constant C. By multiplying ðÀI m MJÞ À1 À8 e À on both sides of (13), we can write (13) , in a uniformly bounded small neighborhood of m ¼ ðn À 1=2Þ for each n, to be
Applying the Rouche's theorem ( [18] , p. 181) to two functions cos and ÀOðjj À1 Þ in a small neighborhood of m for each n, we can obtain a solution n of (19):
for sufficiently large n. Substituting (21) into (20) yields
For the estimation of (18), we treat the first component only because the second component can be treated similarly and 
Since for any bounded y > 0 and x 2 ½0, 1, it holds uniformly
Hence 2ðMJÞ À1
À6 n e À n 00 n ðxÞ ¼ Àe À n ð1ÀxÞ þ e À n x sin n À cos n ð1 À xÞ
Moreover,
This is the result required. oe
It should be pointed out that up to now, we can only say that (17) and (18) are valid for ''a family of eigenpairs'' of A only. However, in the next section, we shall show that they are indeed asymptotic expressions of all eigenpairs of A. This is one of merits of the approach.
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Let
It is seen that each Riesz basis sequence must be approximately normalized: At which can be represented as
where f nij (t) is a polynomial of t with order less than m n . In particular, if a<Re <b for some reals a and b then A generates a C 0 -group on H. Moreover, the spectrum-determined growth condition holds for 
exists an N 0 > M 0 such that all n , n > N 0 are algebraically simple.
In Lemma 3, we have found a sequence of approximate normalized generalized eigenfunctions of A. In order to apply Theorem 1, we have to find a reference Riesz basis. This is realized by finding a discrete skew-adjoint linear operator in H. From functional analysis, for a discrete skew-adjoint linear operator in H, there is always a sequence of generalized eigenvectors which forms a Riesz basis, moreover, for such an operator, the geometric multiplicity of each eigenvalue is identical to its algebraic multiplicity and all eigenvalues lie on the imaginary axis. Now we show the game. Let operator A 0 be the operator A with 
Then it is easily checked that A 0 is indeed a discrete skew-adjoint linear operator in H. Because in previous sections, we consider 
Because all eigenvalues of A 0 lie on the imaginary axis and the eigenvalues appear in conjugate pairs, we need consider only positive solutions of (23) in order to find eigenvalues of A 0 . Like (19), we write (23) asymptotically to be
The positive solutions of (24) are of
for sufficiently large n. Same to (17) , it has
The difference between (26) and (17) is that (26) is indeed an asymptotic expression for all eigenvalues of A 0 on the up half complex plane. From Lemma 2, we can obtain the unique (up to a scalar) eigenfunction of A 0 associated with n to be É n ¼ ð f n , n f n , I m n f 0 n ð0Þ, M n f n ð1Þ, J n f 0 n ð1ÞÞ ¼ ð f n , n f n , It follows from (18) and (29) that there exists an N > 0 such that
The same thing is true for their conjugates. Therefore, considering fÀÉ n =ðMJ! 
EXPONENTIAL STABILITY
It is seen from (17) that if k<0, then system (6) is never exponentially stable. In this section, we shall show that system (6) is exponentially stable if
Since the spectrum-determined growth condition holds, it follows from (ii) of Theorem 2 that e At is exponentially stable under condition (31) if and only if Re < 0 for all 2 ðAÞ.
THEOREM 3 Suppose ! k > 0. Then there exists an ! > 0 such that Re < À! for all 2 ðAÞ. Therefore, the C 0 -semigroup e At generated by A is exponentially stable:
where M > 0 is a constant independent of È.
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Proof It suffices to show that Re < 0 for all 2 ðAÞ. We start from the eigen problem (14) . Assume k þ 1 6 ¼ 0. Multiplying " , the conjugate of , on both sides of the first equation in (14) and integrating from 0 to 1 with respect to x yields
Clearly, if is a real number, it must have <0 (Notice Lemma 1, ¼ 0 is always not in the spectrum of A). Suppose that ¼ 1 þ i 2 , 2 6 ¼ 0. Then comparing the imaginary part of (32) yields
There are two cases. When 1 6 ¼ 0, it is obvious that 1 < 0 as ! k. While as 1 ¼ 0, it must be 0 ð0Þ ¼ 0 and so 00 ð0Þ ¼ 0 from the boundary condition of (14) . In this case, the solution of (14) shall be (we may assume that 2 
. But from the boundary condition 000 ð1Þ ¼ ÀM 2 2 ð1Þ, we arrive the contradiction that
The proof is complete. oe
EXACT CONTROLLABILITY
In this section, we consider the following control problem: 
In the space H, we can write (34) as
where A 0 is defined by (22) . For simplicity, we denote the all eigenfunctions of A 0 as following: Proof Since the control operator B 0 defined by B 0 u ¼ ub for any u 2 C is compact from the control space C to H, system (36) is not 672 B.-Z. GUO exactly controllable (Theorem 4.1.5 of [19] ). For the approximate controllability, we notice that each eigenvalue of A 0 is algebraically simple and, it can be easily shown that each eigenfunctionÉ É n ¼ ðg n , n g n , I m n g 0 n ð0Þ, M n g n ð1Þ, J n g 0 n ð1ÞÞ of A 0 satisfies hb,È È n i HÂH ¼ I m n g 0 n ð0Þ 6 ¼ 0:
It follows from Proposition 3.13 at p. 61 of [10] that system (36) is approximately controllable. oe
However, our next result shows that the system (36) is exactly controllable when it is confined to the space
Note that A 0 generates a C 0 -semigroup (still denoted by e A 0 t Þ in H 1 with domain H 2 . Recall that b is admissible (see e.g. [11] 
hb, e
a n e À n t ½À n g 00 n ð0Þ þ n g 0 n ð0Þ:
Since all n are separated by a positive distance, it follows from a classical result due to Ingham [12] that for any T > 0 there exists a constant D T > 0 such that
TRACKING CONTROL OF A FLEXIBLE BEAM 673
However, it follows from (26) and (29) that
for someC C T , C T > 0, proving the result. oe By Proposition 2, system (36) admits a unique solution in H 1 for each Zð0Þ ¼ Z 0 2 H 1 , which can be expressed as
where (see [11] ) B(t) is a strongly continuous family of bounded operators BðtÞ :
THEOREM 4 There exists a T 0 > 0 such that for any T > T 0 , system (36) is exactly controllable on [0, T ] in H 1 .
Proof By duality principle (see [13] 
Since b is admissible, by duality, b Ã is an admissible observation element ( [11] 
t Z is well-defined for any T > 0 in the
a n e À n t ½À n g 00 n ð0Þ þ n g 0 n ð0Þ: ð43Þ
Again by (39) and Ingham Theorem, there exists an T 0 > 0 such that for any T > T 0 , there are constantsC C T , C(T), C T > 0 such that
The proof is complete. oe 
For general theory, we refer to [20] . Actually, for any k > 0, let 
Hence there are constants C 1 , C 2 > 0 such that
Therefore,
That is, the closed-loop of the system (44) is exponentially stable in H 1 . Finally, we relate the system (34) to an optimal control problem. For any T > 0, let
be the total energy of the system (34). Set
Since EðTÞ ¼ Eð0Þ þ R T 0 y xt ð0, tÞvðtÞdt, a straightforward calculation shows that (see also [21] )
That is v Ã ðtÞ ¼ Ày xt ð0, tÞ is the optimal feedback control of system (34) under cost functional (47). But asymptotic expression (17) shows that system (34) is never exponentially stable under this optimal feedback control. Our result of present article shows that in order to 676 B.-Z. GUO uniformly stabilize system (34), we need a ''high derivative'' feedback control vðtÞ ¼ Ày xt ð0, tÞ þ ky xxt ð0, tÞ. The related optimal control problem needs further investigations.
NUMERICAL SIMULATION
Due to the spectrum-determined growth condition claimed by Theorem 2, the growth order !(A) of the system (6) , that is,
where E(t) is defined by (46), is identical to the supremum of real parts of those satisfying (14) with some nonzero , which is a finite dimensional problem. It is seen from (17) that if k ¼ 0, then !(A) ¼ 0. When k > 0, Theorem 3 tells us that !(A)<0 provided that ! k. For given system parameters M, J, I m , , denote specifically by ! ,k (A) the growth order !(A) with feedback gains and k. One of optimization problems is to find optimal ( Ã , k Ã ) such that ! Ã , k Ã ðAÞ ! , k ðAÞ for any > 0, k > 0. In this section, we shall use spectral method to calculate ! ,k (A) [22] . Starting from eigenvalue problem (14) and setting
we obtain f 0000 ðxÞ þ 2 f ðxÞ ¼ 0, À 1 < x < 1, 
Let P n (x) be the Legendre polynomial of degree n, satisfying d dx ð1 À x 2 Þ d dx P n ðxÞ þ nðn þ 1ÞP n ðxÞ ¼ 0, P n ð1Þ ¼ 1:
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We approximate f (x) by f N (x) f N ðxÞ ¼ X N n¼0 a n P n ðxÞ: ð53Þ
We refer the procedure to [22] for details. Here we take N ¼ 100. Using this method, the total of 101 eigenvalues on the up half complex plane are easily calculated by MATLAB in PC. As it was indicated in [22] that in computing eigenvalues of boundary value problems with any discretization method, only those numerical values of small magnitude have significant accuracy, we only conclude the first 50 eigenvalues on the up half complex plane although, for our problem, there is no big change even for large magnitude eigenvalues.
Here we take I m ¼ M ¼ J ¼ ¼ 1. Figure 1 shows the functional relation of ! ,1 (A) with respect to for ¼ 0 to ¼ 6. Figure 2 demonstrates the same relation of ! 1,k with respect to k. Both cases suggest us that the optimal ( Ã , 1) and (1, k Ã ) do exist. An interesting fact is that our assumption ! k may be necessary since from these two pictures that !(A) can be positive outside region ! k. 
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CONCLUDING REMARKS
In this article, we consider the tracking control problem of a flexible beam with a tip rigid body. A ''high derivative'' linear feedback control is designed regardless of dissipativity of the system. By use of an abstract result on basis generation of discrete operators in Hilbert spaces, we show that the closed-loop system is a Riesz spectral system [19] : there is a sequence of the generalized eigenfunctions of the system, which forms a Riesz basis for the state Hilbert space.
In the process of verification of the basis property, an asymptotic expression of eigenpairs is easily obtained. As a consequence, the exponential stability, the controllability of the system are concluded.
Comparing with [16] , our dynamic equation is more complicated: it considers not only the mass and moment of inertia of the tip rigid body, but also the counterparts of driven motor. This presents the states of system 5 components. Moreover, unlike the system in [16] , because of lacking dissipativity, some well-known methods such as multiplier method can not be used to obtain the exponential stability (even if well-posedness) of the system studied in present article. 
